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FREE ACTION AND CYCLIC SIEVING ON SKEW SEMI-STANDARD YOUNG
TABLEAUX
PER ALEXANDERSSON
Abstract. In this note, we provide a short proof of Theorem 3.3 in the paper titled Crystals, semistandard
tableaux and cyclic sieving phenomenon, by Y.-T. Oh and E. Park, which concerns a cyclic sieving phenomenon
on semi-standard Young tableaux. We give a short proof of their result which extends to skew shapes.
1. Introduction
The cyclic sieving phenomenon, (CSP) was introduced by V. Reiner, D. Stanton and D. White [RSW04].
Given a set X, a cyclic group C of order n acting on X and a polynomial f(q), the triple (X,C, f(q)) is said
to exhibit the cyclic sieving phenomenon if for all k ∈ Z,
|{x ∈ X : gk · x = x}| = f(ξk)
where g is a generator of C, and ξ is a primitive nth root of unity. To this date, there many different instances
of the cyclic sieving phenomenon has been proved, see for example the survey by B. Sagan [Sag11].
Let SSYT(λ, n) denote the set of skew semi-standard Young tableaux with shape λ and maximal entry
at most n. Note that this set is empty unless `(λ) ≤ n. Furthermore, let n(λ) :=∑j(j − 1)λj . The Schur
polynomial sλ(x) is defined as
sλ(x1, . . . , xn) :=
∑
T∈SSYT(λ,n)
xT
where xT is the monomial xw1(T )1 · · ·xwn(T )n and wi(T ) is the number of entries in T equal to i, see [Sta01,
Mac95] for more background. The symmetric group Sn act on SSYT(λ, n) via type A crystal reflection
operators, see M. Kashiwaraand T. Nakashima [KN94] and M. Shimozono’s [Shi] survey for an excellent
background. The book [BS15] provides a more thorough introduction.
Y.-T. Oh and E. Park [OP19], show that the triple(
SSYT(λ, n), 〈cn〉, q−n(λ)sλ(1, q, q2, . . . , qn−1)
)
(1)
exhibits the cyclic sieving phenomenon, where cn = s˜1 s˜2 · · · s˜n−1 is a product of crystal reflection operators.
Note that cn has order n. In this note, we generalize (1) to skew shapes, and refine the statement to smaller
sets of tableaux, see Theorem 6 and Corollary 7. The CSP in (1) is in stark contrast with the conjectured
CSP in [AA19], where we conjecture that there is a cyclic group C of order n, acting on SSYT(nλ/nµ,m)
and (
SSYT(nλ/nµ,m), C, snλ/nµ(1, q, q2, . . . , qm−1)
)
is a CSP triple (with no restriction on m). Here, nλ denotes element-wise multiplication (nλ1, . . . , nλ`).
1.1. Preliminaries. Let WCOMP(m,n) denote the set of weak compositions, which is the set of vectors
(α1, . . . , αn) in Nn≥0 such that α1 + α2 + · · ·+ αn = m. Given a composition α, we let |α| denote the sum of
the entries. We use the same notation for integer partitions, and we let |λ/µ| denote the difference |λ| − |µ|
whenever λ/µ is a skew shape.
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Given a weak composition α, let SSYT(λ/µ, α) denote the subset of SSYT(λ/µ, n) where each tableau
has exactly αi entries equal to i. Note that this set is non-empty only if |λ/µ| = |α|. If µ = ∅, we simply
write SSYT(λ, α), and |SSYT(λ, α)| is the Kostka coefficient Kλ,α. The skew Schur polynomial sλ/µ(x) is
defined analogously to the Schur polynomials, as a sum over skew SSYT:
sλ/µ(x1, . . . , xn) :=
∑
T∈SSYT(λ/µ,n)
xT =
∑
ν`|λ/µ|
Kλ/µ,νmν(x1, . . . , xn).
For a weak composition α = (α1, . . . , αn), let cycr(α) denote the cyclic shift (α1+r, α2+r, . . . , αn+r) where
indices are computed modulo n. In particular, α = cycn(α).
Lemma 1. Let α ∈WCOMP(m,n) and suppose that gcd(m,n) = 1. Then all cyclic shifts cyc1(α), cyc2(α),
. . . , cycn(α) are different.
Proof. Suppose two cyclic shifts of α are equal. Then α = (a1, . . . , al, a1, . . . , al, . . . , a1, . . . , al) where kl = n
and k > 1. Then k(a1 + · · ·+ al) = m so it follows that k|m. But then k| gcd(m,n), a contradiction. 
Corollary 2. Let λ/µ be a skew shape and α ∈ WCOMP(|λ/µ|, n) such that gcd(|λ/µ|, n) = 1. Then the
sets {SSYT(λ/µ, cycr(α))}nr=1 are pairwise disjoint.
Lemma 3. Let α ∈ WCOMP(m,n) such that gcd(m,n) = 1. Then z1, z2, . . . , zn defined via zr :=∑n
j=1 jαj+r for r = 1, 2, . . . , n are all different mod n.
Proof. It is easy to see that for all r = 1, 2, . . . , n − 1, we have the relation zr+1 ≡ zr +m mod n. Since
gcd(m,n) = 1, the statement now follows from standard group theory. 
Corollary 4. Let λ/µ be a skew shape and α ∈WCOMP(|λ/µ|, n) such that gcd(|λ/µ|, n) = 1. Then
n∑
r=1
∑
T∈SSYT(λ/µ,cycr(α))
qw1(T )+w2(T )+···+wn(T ) (2)
is a multiple of [n]q = 1 + q + q2 + · · ·+ qn−1 mod qn − 1.
Proof. By unraveling the definitions, (2) is equal to
n∑
r=1
|SSYT(λ/µ, cycr(α))|qα1+r+2α2+r+···+nαn+r
where indices are taken modulo n. since the cardinality of SSYT(λ/µ, cycr(α)) does not depend on the
ordering of the entries in α, the expression (2) is equal to
|SSYT(λ/µ, α)|
n∑
r=1
qα1+r+2α2+r+···+nαn+r .
By Lemma 3, the sum is now equal to [n]q mod (qn − 1), which proves the assertion. 
1.2. Crystals and main proofs. We have that Sn act on SSYT(λ/µ, n) via type A crystal reflection
operators, see definition in M. Shimozono’s survey [Shi]. In particular, the simple reflection s˜i ∈ Sn gives a
bijection
s˜i : SSYT(λ/µ, α)→ SSYT(λ/µ, siα),
where si act on α by interchanging entries at positions i and i + 1. Let cn := s˜1 s˜2 · · · s˜n−1 ∈ Sn, and let
α ∈WCOMP(|λ/µ|, n). One can then show that cn gives a bijection
cn : SSYT(λ/µ, α)→ SSYT(λ/µ, cyc1(α)) (3)
and 〈cn〉 ⊆ Sn is a cyclic group of order n. These properties of cn in (3) are the only properties of crystal
operators that we shall use in this note. Note that the cn-action is different from promotion obtained as a
product of Bender–Knuth involutions, as promotion does not have order n in general.
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Example 5. Let λ/µ = 322/1 and α = (2, 1, 2, 1). Then{ 1 3
1 3
2 4
,
2 4
1 3
2 4
}
and
{ 1 4
1 3
2 4
,
1 3
1 2
2 4
,
2 3
1 3
2 4
,
2 4
1 3
3 4
}
are two orbits under c4. Note that gcd(6, 4) = 2 here, so Corollaries 2 and 4 and Lemma 3 do not apply.
Theorem 6. Let λ/µ be a skew shape with m = |λ/µ| and α ∈WCOMP(|λ/µ|, n) such that gcd(m,n) = 1.
Furthermore let X be the (disjoint) union
X =
n⋃
r=1
SSYT(λ/µ, cycr(α)).
Then the triple (
X, 〈cn〉,
∑
T∈X
qw1(T )+w2(T )+···+wn(T )
)
exhibit the cyclic sieving phenomenon.
Proof. By Corollary 2, it follows that every cn-orbit in X has size n. By Corollary 4, we have that
f(q) :=
∑
T∈X q
w1(T )+w2(T )+···+wn(T ) is a multiple of [n]q. It follows that for all k ∈ Z,
|{T ∈ X : (cn)k · T = T}| = f(ξk)
where ξ is a nth root of unity so the triple is indeed a CSP-triple. 
Corollary 7. Let gcd(|λ/µ|, n) = 1. Then the triple(
SSYT(λ/µ, n), 〈cn〉, sλ/µ(1, q, . . . , qn−1)
)
exhibits the cyclic sieving phenomenon. Moreover, if µ = ∅,(
SSYT(λ, n), 〈cn〉, q−n(λ)sλ(1, q, . . . , qn−1)
)
(4)
is also a CSP-triple.
Proof. By summing over all possible compositions α in WCOMP(|λ/µ|, n) in Theorem 6, we immediately
have that (
SSYT(λ/µ, n), 〈cn〉, sλ/µ(q, q2, . . . , qn)
)
is a CSP-triple and sλ/µ(q, q2, . . . , qn) evaluates to 0 for all q = ξ, ξ2, . . . , ξn−1 whenever ξ is a primitive
nth root of unity. It is also straightforward to see that sλ/µ(q, q2, . . . , qn) = q|λ/µ|sλ/µ(1, q, . . . , qn−1), so
sλ/µ(1, q, . . . , qn−1) must evaluate to 0 for all q = ξ, ξ2, . . . , ξn−1 as well. Furthermore, since entries in row j
in a non-skew semi-standard Young tableau have value at least j, q−n(λ)sλ(1, q, . . . , qn−1) is a polynomial in
q. These observations prove the two statements. 
We can actually say something much more general, where a cyclic sieving phenomenon can be constructed
for any homogeneous, Schur-positive symmetric function.
Corollary 8. Let f(x) =
∑
T∈X xT be a homogeneous symmetric function of degree m, such that the Schur
expansion f(x) =
∑
λ`m dλsλ(x) is non-negative with dλ ∈ N. Furthermore, suppose gcd(m,n) = 1 and that
there is a bijection ψ:
ψ : X →
⋃
λ
[dλ]× SSYT(λ, n).
Moreover, suppose that there is a cyclic group action 〈cn〉 of order n act on X in such a way that it acts (via
ψ) as the product of crystal reflections cn on SSYT(λ, n). Then(
X, 〈cn〉, f(1, q, q2, . . . , qn−1)
)
is a CSP-triple, and every orbit under cn has size n.
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Note that such a bijection ψ and action cn can in principle be found for any Schur-positive symmetric
function. In particular, we can use the Littlewood–Richardson rule on sλ/µ(x1, . . . , xn), to express it as a
non-negative sum of non-skew Schur polynomials and then apply previous corollary.
The previous corollary can then be applied to the following families of symmetric functions, whose Schur
expansion can be proved by an explicit bijection ψ, and there is a type A crystal structure on the underlying
combinatorial objects: Modified Hall–Littlewood symmetric functions, [KM17], type A and Stanley symmetric
functions, [MS15], type C Stanley symmetric functions, [HPS17], specialized non-symmetric Macdonald
polynomials, see [AG18], and (some) dual k-Schur functions, [MS15].
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